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Global structure of the (anti-)de Sitter ((A)dS) generalization of the Roberts solution in general
relativity with a massless scalar field and its topological generalization is clarified. In the case with
a negative cosmological constant, the spacetime is asymptotically locally AdS and it contains a
black-hole event horizon depending on the parameters. The spacetime may be attached to the exact
AdS spacetime in a regular manner on a null hypersurface and the resulting spacetime represents
gravitational collapse from a regular initial datum. The higher-dimensional counterpart of this
Roberts-(A)dS solution with flat base manifold is also given.
PACS numbers: 04.20.Dw 04.20.Gz 04.20.Jb, 04.70.Bw
I. INTRODUCTION
In 1989, Roberts presented an interesting exact solu-
tion in general relativity with a massless scalar field [1].
This is a one-parameter family of dynamical and inho-
mogeneous solutions with spherical symmetry admitting
a homothetic Killing vector. An error of the expression
has been corrected by several authors [2–5] and a miss-
ing class of solutions in the original parametrization was
also given [4, 6, 7]. It was pointed out that, in the region
where the derivative of the scalar field is timelike, this
Roberts solution is equivalent to the solution obtained
by Gutman and Bespal’ko for a stiff fluid in 1967 [8, 9].
The Roberts solution has been intensively investigated
in the context of gravitational collapse. The most fasci-
nating feature of this solution is that the spacetime can
be attached to the Minkowski spacetime on a null hyper-
surface in a regular manner, namely, without a massive
thin shell. Then the resulting spacetime represents grav-
itational collapse from a regular initial datum. For this
reason, the Roberts solution has been studied as a toy
model to understand critical phenomena in gravitational
collapse [5, 10] or wormhole formation [9].
In this background, it is natural to seek the (anti-
)de Sitter ((A)dS) generalization of the Roberts solution,
but it has been missing for a long time. Such a solution
may be useful to understand the nature or final fate of
the nonlinear turbulent instability of the AdS spacetime
which was numerically found [11]. Another possible ap-
plication is the AdS/CFT duality [12] in the dynamical
context. The field theory at the boundary for a dynam-
ical asymptotically AdS black hole should be in a non-
equilibrium state and such a dynamical black hole has
been constructed perturbatively as a holographic dual to
the Bjorken flow [13]. Indeed, there is an exact solution in
the presence of a cosmological constant [14–19]. It repre-
sents an asymptotically locally AdS dynamical black hole
with a homogeneous scalar field [20]. However, it does
not admit a limit to the Roberts solution.
Quite recently, Roberts himself successfully obtained
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the (A)dS generalization of his solution [21]. This space-
time is conformally related to the Roberts spacetime and,
interestingly, the configuration of the scalar field is totally
the same as that in the solution without a cosmological
constant. Although this solution must have a variety of
potentially interesting applications, only a few properties
have been studied in [21]. Especially, in order to know
how useful it is, global structure of the spacetime must
be clarified.
In this paper, we will present all the possible global
structures of the Roberts-(A)dS solution and its topolog-
ical generalization. The paper is organized as follows. In
section II, we summarize basic properties of the solution.
All the possible Penrose diagrams are presented in sec-
tion III and we summarize our results in the final section.
In appendix A, we present derivation of the Roberts-
(A)dS solution and its higher-dimensional counterpart
with k = 0. Our basic notation follows [22]. Greek in-
dices run over all spacetime indices. The convention for
the Riemann curvature tensor is [∇ρ,∇σ]V µ = RµνρσV ν
and Rµν = R
ρ
µρν . The signature of the Minkowski met-
ric is (−,+,+,+) and we adopt the units of c = 1.
II. PRELIMINARIES
A. System
In the present paper, we consider the Einstein-Λ sys-
tem with a massless scalar field φ in four dimensions.
The field equations are
Rµν − 1
2
gµνR+ Λgµν
= κ2
(
(∇µφ)(∇νφ)− 1
2
gµν(∇φ)2
)
, (2.1)
φ = 0, (2.2)
where κ :=
√
8piG and (∇φ)2 := (∇ρφ)(∇ρφ).
We consider a warped product spacetime (M4, gµν) ≈
M2 × K2, where (M2, gAB) is a two-dimensional
Lorentzian manifold and (K2, γij) is a two-dimensional
unit space of constant curvature. Indices A,B take 0 and
1, while i, j take 2 and 3. The most general metric on
2such a spacetime is given by
ds2 = gµνdx
µdxν
= gAB(y)dy
AdyB + r(y)2γij(z)dz
idzj, (2.3)
where the warp factor r is a scalar on M2 which is inter-
preted as the areal radius.
The generalized Misner-Sharp quasi-local mass is a
scalar on M2 defined by
m :=
V(k)
κ2
r
(
−1
3
Λr2 + k − (Dr)2
)
, (2.4)
whereDA is the covariant derivative onM
2 and (Dr)2 :=
gAB(DAr)(DBr). k takes the values 1, 0, and −1, cor-
responding to positive, zero, and negative curvature of
K2, respectively [23–25]. Namely, the Riemann tensor
on K2, is given by
(2)Rijkl = k(γikγjl − γilγjk). (2.5)
V(k) denotes the volume of K
2 if it is compact. In the
spherically symmetric case, we have V(1) = 4pi.
The generalized Misner-Sharp mass m is constant in
vacuum and it is zero for the maximally symmetric space-
time [26, 27]. In addition, m converges to the Arnowitt-
Deser-Misner mass [28] and Abbott-Deser mass [29] at
spacelike infinity in the asymptotically flat and AdS
spacetimes, respectively [24, 26, 27].
B. Generalized Roberts-(A)dS solution
In the recent paper [21], Roberts presented a spheri-
cally symmetric solution in this system which is a (A)dS
generalization of the Roberts solution in the system with-
out Λ. The topological generalization of this Roberts-
(A)dS solution is given by
ds2 =
(
1− Λ
6
uv
)
−2(
−2dudv + S(u, v)2γijdzidzj
)
,
(2.6)
S(u, v)2 = −kuv + C1v2 + C2u2, (2.7)
where C1, C2 are constants and we have adopted different
parametrization from the Roberts’ paper. (Derivation of
this solution and its higher-dimensional counterpart with
k = 0 is presented in appendix A.)
For k2− 4C1C2 > 0, the scalar field φ is real and given
by
±(φ− φ0) =


1√
2κ2
ln
∣∣∣∣
√
k2 − 4C1C2u+ (ku − 2C1v)√
k2 − 4C1C2u− (ku − 2C1v)
∣∣∣∣ for C1 6= 0,
1√
2κ2
ln
∣∣∣∣C2 − k vu
∣∣∣∣ for C1 = 0,
(2.8)
where φ0 is a constant. For k
2 − 4C1C2 < 0, φ is ghost
and given by
±(φ− φ0) = i
√
2
κ2
arctan
(
ku− 2C1v√
4C1C2 − k2u
)
. (2.9)
If k2 − 4C1C2 = 0, the field equations give φ =constant
and
Rµνρσ =
Λ
3
(δµρ δ
ν
σ − δµσδνρ), (2.10)
namely, the spacetime is maximally symmetric. In the
case of k2 − 4C1C2 = 0 with k = ±1, we have S(u, v)2 =
C1(v − ku/2C1)2 and hence C1 and C2 must be positive
for physical solutions. In the case of k2−4C1C2 = 0 with
k = 0, C1 = 0 with C2 > 0 or C2 = 0 and C1 > 0 must
be satisfied.
The expressions (2.8) and (2.9) give
(∇φ)2 = (k
2 − 4C1C2)uv(6− Λuv)2
36κ2(−kuv + C1v2 + C2u2)2 . (2.11)
For a real scalar field, the derivative of the scalar field
is timelike, spacelike, and null in the regions with uv <
0, uv > 0, and uv = 0, respectively. Since a massless
scalar field with timelike derivative is equivalent to a stiff
fluid [30], the regions with uv < 0 can be described by the
corresponding solution for a stiff fluid with a cosmological
constant. (See Appendix A in [9].)
The generalized Misner-Sharp mass (2.4) for the
Roberts-(A)dS spacetime is given by
m =− 3V(k)(k
2 − 4C1C2)uv
κ2(6− Λuv)√−kuv + C1v2 + C2u2
. (2.12)
The spacetime is asymptotically (A)dS for uv → 6/Λ in
the sense of
lim
uv→6/Λ
Rµνρσ →
Λ
3
(δµρ δ
ν
σ − δµσδνρ). (2.13)
However, the generalized Misner-Sharp mass m blows up
in this limit. Sincem converges to a constant at spacelike
infinity in the asymptotically AdS spacetime [27], diver-
gence of m implies that the spacetime is only asymp-
totically locally AdS, namely the Henneaux-Teitelboim
fall-off conditions to the AdS infinity [31] are not satis-
fied.
3In the case of k2 − 4C1C2 > 0, the scalar field is real
and S(u, v)2 = 0 has real roots. Then, another possible
parametrization of the solution is
S(u, v)2 =
1
4
(au− v)(bu− v), (2.14)
where constants a and b satisfy a+ b = 4k, and then we
have
m = − 3V(k)(a− b)
2uv
8κ2(6− Λuv)
√
(au− v)(bu− v) , (2.15)
± (φ− φ0) = 1√
2κ2
ln
∣∣∣∣ bu− vau− v
∣∣∣∣. (2.16)
This is a similar parametrization to the one in the original
paper [21]. However, in this parametrization, we miss the
solution with C1 = C2 = 0, for example.
III. GLOBAL STRUCTURE OF THE
ROBERTS-(A)DS SPACETIME
In this section, we present all the possible global struc-
tures of the Roberts-(A)dS spacetime realized depending
on the parameters C1 and C2. The spacetime regions
with S(u, v)2 ≤ 0 are unphysical because they do not
have the spacetime signature (−,+,+,+).
In the case of k2 − 4C1C2 < 0, the scalar field is ghost
and C1 > 0 and C2 > 0 are required for physical so-
lutions holding S(u, v)2 ≥ 0. The spacetime represents
an interesting dynamical wormhole in this case, however,
we will focus on the real scalar field in the present paper.
In the toroidal case (k = 0), reality of the scalar field
requires C1C2 < 0 and hence C1 > 0 with C2 < 0 and
C1 < 0 with C2 > 0 are the only possibilities.
A. Notes
In order to present the Penrose diagram, we take the
transformations u = tanU and v = tanV in order to
make coordinate infinities u, v = ±∞ being finite val-
ues. Figure 1 shows the Penrose diagram for the two-
dimensional flat spacetime ds22 = −2dudv in the double
null coordinates u and v ranging from −∞ to ∞.
In the flat case, the whole domain in Fig. 1 represents
one maximally extended spacetime. In the case of the
Roberts-(A)dS spacetime, in contrast, we will show that
the whole domain in Fig. 1 is divided into several portions
by curvature singularities and null infinities. Then, each
potion corresponds to one distinct spacetime.
In addition, some of the portions do not represent
maximally extended spacetimes because u = ±∞ and
v = ±∞ are extendable boundaries, as shown below.
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FIG. 1: The Penrose diagram for the two-dimensional flat
spacetime in the double null coordinates u and v (−∞ <
u, v <∞).
B. Null infinity
The Roberts-(A)dS spacetime admits the following
conformal Killing vector:
ξµ
∂
∂xµ
= u
∂
∂u
+ v
∂
∂v
, (3.1)
which satisfies
Lξgµν =2ψgµν , (3.2)
ψ :=
6 + Λuv
6− Λuv . (3.3)
Therefore in this spacetime, there is a conserved quantity
C := kµξ
µ along null geodesics, where kµ = dxµ/dλ is
the tangent vector of a geodesic parametrized by an affine
parameter λ.
dudv = 0 is satisfied along radial null geodesics in this
spacetime and so they are represented by u = u0 or v =
v0, where u0 and v0 are constants. Along v = v0, the
equation C = kµξ
µ is written as
C =
(
1− Λ
6
uv0
)
−2
v0
du
dλ
, (3.4)
which is integrated to give
Λ
6
C(λ− λ0) =
(
1− Λ
6
v0u
)
−1
, (3.5)
where λ0 is an integration constant. In a similar manner,
we obtain
Λ
6
C(λ− λ0) =
(
1− Λ
6
u0v
)
−1
(3.6)
along u = u0. These equations show that 1−Λv0u/6 = 0
or 1− Λu0v/6 = 0 corresponds to |λ| =∞, namely they
are null infinity.
On the other hand, Eqs. (3.5) and (3.6) show that u→
±∞ along v = v0 and v → ±∞ along u = u0 correspond
to finite λ and hence they are not infinity but extendable
boundaries. The extension of the spacetime beyond these
boundaries will be studied later.
4C. Singularities
Since the Ricci scalar of this spacetime is given by
R = 4Λ + κ2(∇φ)2, Eq. (2.11) shows that S(u, v)2 = 0
gives curvature singularities unless k2 − 4C1C2 = 0. In
addition, if k 6= 0, v → ±∞ and u → ±∞ are also cur-
vature singularities for C1 = 0 and C2 = 0, respectively.
Let us study the curvature singularities given by
S(u, v)2 = −kuv + C1v2 + C2u2 = 0. This equation
describes two straight lines in the (u, v)-plane and their
positions depend on k, C1, and C2. For k = 0, C1C2 < 0
is required for real scalar field and the singularities are
given by
u = ±
√
−C1
C2
v. (3.7)
One is spacelike running in the regions I and III and the
other is timelike running in the regions II and IV.
For k = ±1, the singularities are given by
v = 0, u =
C1
k
v (3.8)
for C2 = 0 and
u =
k ±√k2 − 4C1C2
2C2
v (3.9)
for C2 6= 0. Hence, in the cases of C2 = 0 with kC1 < 0
and C1 = 0 with kC2 < 0 (C2 = 0 with kC1 > 0 and
C1 = 0 with kC2 > 0), one singularity is null and the
other runs in the regions I and III (II and IV). If C2 =
C1 = 0, both singularities are null. For C1C2 < 0, one
runs in the regions I and III and the other runs in the
regions II and IV. Both singularities run in the regions I
and III (II and IV) in the cases of k = 1 (k = −1) with
C1 < 0 and C2 < 0 and k = −1 (k = 1) with C1 > 0 and
C2 > 0.
D. Global structure of the spacetime
We are now ready to present the Penrose diagrams
for the Roberts-(A)dS spacetime. Since the metric (2.6)
is invariant under the transformations u→ −u and v →
−v, all the diagrams are centrally symmetric with respect
to the origin u = v = 0.
As a lesson, we first present the Penrose diagram for
the (A)dS spacetime (the case with C1C2 = k
2/4) in
Fig. 2. The well-known lower diagrams are given from a
maximally extended portion in the upper diagrams.
All the possible Penrose diagrams for the Roberts-
(A)dS spacetime in the coordinates (2.6) are presented in
Figs. 3 and 4. The corresponding values of parameters C1
and C2 are summarized in Table I. Here it is emphasized
again that each position surrounded by curvature singu-
larities and null infinities in one diagram corresponds one
distinct spacetime.
In several cases, the coordinates (2.6) do not cover the
maximally extended spacetime. If the extendable bound-
aries u → ±∞ or v → ±∞ are in the physical regions
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FIG. 2: The Penrose diagrams for the de Sitter spacetime
(left) and the anti-de Sitter spacetime (right). The same
copies of the basic portion are attached at the dashed lines.
Thick curves correspond to the (A)dS infinity. Each lower dia-
gram is obtained from one maximally extended portion in the
corresponding upper diagram. The double lines in the lower
left diagram are identified [32]. i+ and i− in the lower right
diagrams are future and past timelike infinities, respectively.
holding S(u, v)2 > 0, we have to consider the spacetime
extension beyond them in order to present the maximally
extended spacetimes.
This extension is performed by the transformations
u = 1/u¯ and v = 1/v¯. The resulting metric is
ds2 =
(
Λ
6
− u¯v¯
)
−2(
−2du¯dv¯ + S¯(u¯, v¯)2γijdzidzj
)
,
(3.10)
S¯(u¯, v¯)2 = −ku¯v¯ + C2v¯2 + C1u¯2, (3.11)
which is non-singular at u¯ = 0 or v¯ = 0. Causal structure
of the spacetime covered by the above coordinates is the
same as the original one with u ↔ v. Finally, the max-
imally extended Roberts-(A)dS spacetimes are shown in
Figs. 5 and 6.
E. Attachment to the (A)dS spacetime
Here we show that the Roberts-(A)dS spacetime can
be attached without a massive thin shell to the (A)dS
spacetime on a null hypersurface u = 0 or v = 0 and also
u = ±∞ or v = ±∞ if they are regular. (See [33, 34] for
the matching condition on a null hypersurface.)
Now Σ denotes a matching null hypersurface u = 0.
(The argument is the same for v = 0.) The induced
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FIG. 3: All the possible Penrose diagrams for the Roberts-
de Sitter solution with a real scalar field. A thick and a zigzag
curve correspond to the dS infinity and a curvature singular-
ity, respectively. Dashed lines are extendable boundaries.
metric hab on Σ is given by
ds2Σ = habdw
adwb = C1v
2γijdz
idzj, (3.12)
where wa = (v, zi) is a set of coordinates on Σ. The basis
vectors of Σ defined by eµa := ∂x
µ/∂wa are
eµv
∂
∂xµ
=
∂
∂v
, (3.13)
eµi
∂
∂xµ
= δµi
∂
∂zi
(3.14)
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FIG. 4: All the possible Penrose diagrams for the Roberts-
anti-de Sitter solution with a real scalar field. A thick and a
zigzag curve correspond to the AdS infinity and a curvature
singularity, respectively. Dashed lines are extendable bound-
aries.
and the bases are completed by Nµdx
µ = −dv. They
satisfy Nµe
µ
v = −1 and Nµeµi = 0 on Σ. The only
nonvanishing components of the transverse curvature
Cab := (∇νNµ)eµaeνb of Σ are
Cij =
v(C1Λv
2 − 3k)
6
γij . (3.15)
Regular attachment without a massive thin shell re-
quires continuity of hab and Cab at Σ. Because C2
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FIG. 5: Maximal extension of the spacetimes (c), (d), (e), and
(f) in Figs. 3 (left) and 4 (right). Each portion surrounded
by thick and zigzag curves is one distinct maximally extended
spacetime.
not appear in hab and Cab, two Roberts-(A)dS space-
times with the same nonzero C1 but different C2 can be
attached at u = 0.
As a special case, the Roberts-(A)dS spacetime with
C1 = C¯1(6= 0) and C2 = C¯2 can be attached to the (A)dS
spacetime at u = 0. The parameters of this (A)dS space-
time are chosen such as C1 = C¯1 and C2 = k
2/(4C¯1) 6=
(h)(h)
I
IV
III
II
u=
+i
nf
in
ity
v=+infinity
v=-infinity u=
-in
fin
ity
v=0
v=0
u=
0
u=
0
I
IV
III
II
u=
+i
nf
in
ity
v=+infinity
v=-infinity
u=
-in
fin
ity
v=0
v=0
u=
0
u=
0
(g) (g)
I
IV
III
II
u=
+i
nf
in
ity
v=+infinity
v=-infinity u=
-in
fin
ity
v=0
v=0
u=
0
u=
0
I
IV
III
II
u=
+i
nf
in
ity
v=+infinity
v=-infinity u=
-in
fin
ity
v=0
v=0
u=
0
u=
0
I
IV
III
II
u=
+i
nf
in
ity
v=+infinity
v=-infinity
u=
-in
fin
ity
v=0
v=0
u=
0
u=
0
I
IV
III
II
u=
+i
nf
in
ity
v=+infinity
v=-infinity u=
-in
fin
ity
v=0
v=0
u=
0
u=
0
v=0
I
IV
III
II
v=0
u=
0
u=
0u=
+i
nf
in
ity
v=+infinity
v=-infinity u=
-in
fin
ity
v=0
I
IV
III
IIv=0
u=
0
u=
0
u=
+i
nf
in
ity
v=+infinity
v=-infinity u=
-in
fin
ity
(i) (i)
(j) (j)
FIG. 6: Extension of the spacetimes (g), (h), (i), and (j) in
Figs. 3 (left) and 4 (right). Each portion surrounded by thick
and zigzag curves is one distinct maximally extended space-
time. Spacetime extension beyond the extendable boundaries
(dashed lines) is performed in a similar manner.
C¯2. Similarly, two Roberts-(A)dS spacetimes with the
same nonzero C2 but different C1 can be attached at
v = 0. Attaching to the exact AdS spacetime in this
manner, we can construct exact spacetimes representing
black-hole or naked-singularity formation from a regular
initial datum. An example is shown in Fig. 7.
We can play the same game at u = ±∞ or v = ±∞ if
they are regular. For the proof, we use the metric (3.10),
where u = ±∞ and v = ±∞ correspond to u¯ = 0 and
v¯ = 0, respectively. We take a null hypersurface u¯ = 0 as
a matching surface Σ. In this case, the induced metric
7TABLE I: Corresponding Penrose diagrams in Figs. 3 and
4 for the Roberts-(A)dS solution with a real scalar field de-
pending on the parameters. The unphysical (physical) regions
holding S2 < 0 (S2 > 0) are in the shadowed regions for
k = 1, 0 (k = −1).
k = 1 k = 0 k = −1
C1C2 = k
2/4 (a) (a) (a)
C1 = C2 = 0 (b) n.a. (b)
C1 = 0, C2 < 0 (c) n.a. (d)
C1 = 0, C2 > 0 (d) (a) (c)
C2 = 0, C1 < 0 (e) n.a. (f)
C2 = 0, C1 > 0 (f) (a) (e)
C1 > 0, C2 < 0 (g) (g) (g)
C1 < 0, C2 > 0 (h) (h) (h)
0 < C1C2 < k
2/4, C1 > 0 (i) n.a. (j)
0 < C1C2 < k
2/4, C1 < 0 (j) n.a. (i)
v=0AdS
I-
Roberts-AdS
FIG. 7: The Penrose diagram representing black-hole forma-
tion from a regular initial datum. The Roberts-AdS space-
time (shadowed) given, for example, by the lower left portion
in the region I in Fig. 4(h) is attached to the AdS spacetime
on a null hypersurface v = 0. The dotted line represents a
black-hole event horizon. The left vertical line represents the
symmetric center in the AdS spacetime.
on Σ is
ds2Σ = habdw
adwb =
36C2
Λ2
v¯2γijdz
idzj (3.16)
and the nonvanishing components of the transverse cur-
vature are
Cij =
v¯(12C2v¯ − kΛ)
2Λ
γij . (3.17)
Since hab and Cab do not contain C1, the spacetimes with
different value of C1 can be attached at u = ±∞. In
a similar manner, it is shown that the spacetimes with
different value of C2 can be attached at v = ±∞.
IV. SUMMARY
We have clarified all the possible global structures of
the (A)dS generalization of the Roberts solution and its
topological generalization. The spacetime is conformally
related to the Roberts spacetime and admits a conformal
Killing vector.
While the Roberts spacetime in the double null coor-
dinates represents a maximally extended spacetime, the
coordinate infinity in the Roberts-(A)dS spacetime is a
curvature singularity or a regular extendable boundary.
In the latter case, we have identified the extended regions
of the spacetime and presented the Penrose diagrams for
maximally extended spacetimes. In the case with a neg-
ative cosmological constant, the spacetime is asymptoti-
cally locally AdS and it admits a black-hole event horizon
depending on the parameters.
We have shown that the Roberts-(A)dS spacetimes
with different parameters may be attached in a regular
manner at coordinate origins or coordinate infinities if
they are regular. As a result, it is possible to construct
exact spacetimes representing gravitational collapse from
a regular initial datum. They could be an interesting toy
model of gravitational collapse of a massless scalar field
in the presence of a cosmological constant.
In the context of the nonlinear instability of the AdS
spacetime, dynamical stability of the Roberts-AdS solu-
tion is an important issue because the solution could de-
scribe the final state of the AdS instability if it is stable.
In the absence of Λ, the Roberts solution is stable against
non-spherical linear perturbations [35] but has more than
one unstable modes against spherical perturbations [36].
Further studies of the Roberts-AdS solution are required
to provide new insights on this problem, which will be
reported elsewhere.
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Appendix A: Generalization of the Roberts-(A)dS
solution
In this appendix, we present the derivation of the
Roberts-(A)dS solution and its higher-dimensional coun-
terpart with k = 0. Let us consider the following n-
dimensional metric and scalar field:
ds2n =gµν(x)dx
µdxν
=− 2dudv + S(u, v)2γijdzidzj, (A1)
φ =φ(u, v), (A2)
where γij is the unit metric on the (n − 2)-dimensional
maximally symmetric space with its sectional curva-
ture k = 1, 0,−1. We assume that the functions
8S(u, v) and φ(u, v) satisfy the Einstein equations Rµν =
κ2n(∇µφ)(∇νφ) and the Klein-Gordon equation φ = 0.
Now we consider the conformally related spacetime
with the metric g¯µν(x) = Ω(x)
2gµν(x) and assume that
the new metric g¯µν(x) and the same form of φ satisfy the
field equations in the presence of a cosmological constant:
R¯µν =κ
2
n(∇¯µφ)(∇¯νφ) +
2Λ
n− 2 g¯µν , (A3)
¯ φ =0. (A4)
The Ricci tensor R¯µν constructed from g¯µν is written as
R¯µν = Rµν − (n− 2)∇µ∇ν lnΩ− gµν lnΩ
+(n− 2)(∇µ lnΩ)(∇ν lnΩ)
−(n− 2)gµν(∇ lnΩ)2 (A5)
and we have ∇¯µφ = ∇µφ and ¯ φ = Ω−2 φ. Hence,
Eqs. (A3) and (A4) give the following equation for Ω:
∇µ∇ν lnΩ + 1
n− 2gµν lnΩ− (∇µ lnΩ)(∇ν lnΩ)
+ gµν(∇ lnΩ)2 = − 2Λ
(n− 2)2Ω
2gµν . (A6)
Under an additional assumption Ω = Ω(u, v), the above
equation gives the following set of partial differential
equations:
∂u∂u lnΩ = (∂u lnΩ)
2, (A7)
∂v∂v lnΩ = (∂v lnΩ)
2, (A8)
∂u∂v lnΩ =
Λ
(n− 1)(n− 2)Ω
2, (A9)
(∂u lnS)(∂v lnΩ) + (∂v lnS)(∂u lnΩ)
+ (∂u lnΩ)(∂v lnΩ) = ∂u∂v lnΩ. (A10)
Equations (A7)–(A9) can be solved without the infor-
mation of S(u, v) and the most general solution is
Ω(u, v) = (p0 + p1v + p2u+ p3uv)
−1
, (A11)
where constants p0, · · · , p3 satisfy
p1p2 − p0p3 = Λ
(n− 1)(n− 2) . (A12)
Lastly, we check whether Eqs. (A10) is satisfied or not
with the above Ω and the function S(u, v) for the Roberts
solution. (See Appendix B in [20] for the expressions of
S(u, v) and also φ(u, v).) In four dimensions, we have
S(u, v)2 = −kuv + C1v2 + C2u2, (A13)
with which Eqs. (A10) gives the following constraints:
2C2p1 − kp2 = 0, 2C1p2 − kp1 = 0. (A14)
In higher dimensions, the function S(u, v) is obtained in
a closed form only for k = 0 as
S(u, v)2 = (C1v
n−2 + C2u
n−2)2/(n−2). (A15)
With this expression, Eqs. (A10) gives the same con-
straints (A14) with k = 0.
We will see that p1p2 = 0 must be satisfied in all the
cases above. Then Eq. (A12) reduces to
p0p3 = − Λ
(n− 1)(n− 2) (A16)
and p0 can be set to be unity by rescaling transformations
u→ p0u and v → p0v.
In the case of k 6= 0, constraints (A14) give
p2 =
2C2p1
k
, (4C1C2 − k2)p1 = 0. (A17)
Since 4C1C2−k2 6= 0 is required for nontrivial solutions,
we conclude p1 = p2 = 0. The Roberts-(A)dS solution
corresponds to this case with n = 4 and k = 1.
In the case of k = 0, there is more variety. In this case,
the constraints (A14) give
C2p1 = 0, C1p2 = 0. (A18)
Since C1 = C2 = 0 is not allowed in this case, p1p2 = 0
is concluded. If C1 6= 0 and C2 6= 0 hold, p1 = p2 = 0
is satisfied. If C1 = 0 and C2 6= 0 (C2 = 0 and C1 6= 0)
hold, p1 = 0 (p2 = 0) is concluded.
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